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Application of a New Multivariable Model-Following Method
to Decoupled Flight Control

Kimio Kanai* and Shigeru Uchikadot
The National Defense Academy, Kanagawa, Japan

and

Peter N. Nikiforuk} and Noriyuki Hori§
University of Saskatchewan, Saskatoon, Canada

A new model-following controller for multivariable, linear, time-invariant systems is described and applied to
the decoupled longitudinal control of a control-configured-vehicle-type aircraft. The controller is composed of
an input dynamics compensator and a state feedback block. This approach enables decoupling and control of
systems that cannot be done by state feedback alone. The key concept is that of system augmentation by utilizing
a unimodular matrix to assure the nonsingularity of a control matrix. Two methods of generating the control in-
put are described. In the first, the control input is synthesized by expllcltly using the plant state variables. In the

second, the input and output of the plant are used.

Introduction

HE design of flight control systems for a high-

performance aircraft often requires that the aircraft be
considered as a multi-input multi-output system. However, the
coupling between the plant inputs and outputs adversely affects
the flying qualities of the aircraft. For this reason the system
must be decoupled for good control. This is especially true for
control-configured-vehicle (CCV)-type aircraft which employ
such techniques as direct force, fuselage aiming, etc.

The necessary and sufficient condition for system decoupling
using state feedback was first given in Ref. 1. This condition re-
quires that a certain matrix (the control matrix, in this paper)
that depends upon the system’s parameters be nonsingular. A
solution is presented in Ref. 2 for the case where this condition
is not satisfied. However, this method is not systematic and
gives a solution only to a class of systems. A more general solu-
tion can be obtained using the exact model-matching concept,?
which makes the transfer function matrix of the plant con-
troller combination approach that of the model.

In this paper, the design of a model-following controller
based upon the exact model-matching concept - for
multivariable linear continuous time-invariant systems is
presented. Its application to the decoupled flight control of
the longitudinal motion for CCV-type aircraft is also con-
sidered. A brief description is given first of a multivariable
model-following control problem. The proposed scheme is
then presented for two cases: 1) where the state variables are
used explicitly to generate the control input, and 2) where only
the plant inputs and outputs are used. Two examples of the
CCYV flight controllers and numerical simulations are given
which verify that the proposed methods are effective.
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Problem Statement

Consider a possibly unstable controllable and observable
plant described by the following equations:
'x(t) =Ax(t) + Bup (1),

x(0) =x, (1a)

y()=Cx(1) (1b)
where x(£)€R", up(t) and y(#)€RP.
The transfer function matrix (TFM) of Egs. (1) is written as

@

where the rank of C,4; (s/—A)B is p (full rank) and all of the
plant zeros are located on the left-hand side of the s plane. (In
Eq. (2), s denotes both Laplace and differential operators
depending upon the context.) A reference model which has the
desired characteristics is represented by

H(s)=C(sI-A4)"'B

Xpg (1) = AppXpg (1) + Byt (2), (3a)

X (0) =Xpg0

Yar(8) =Cppxp (1) (3b)
where x,,(2)€R", u, (¢) and y,,(¢)€R?. The corresponding

TFM is

Hy(5) =Cp(sI—Ay) !By, “)
where det(sI—A,,) is a stable polynomial. In order that pure
differentiation be avoided in the design, assume that £p£;/ is
proper, where £, and §,, are the interactor matrices* of the
plant and model, respectively.

The problem of concern here is to design a controller that
makes the plant outputs follow the model outputs in the sense
of exact model matching. If the model TFM is chosen to be
diagonal with desired pole-zero locations, the TFM of the
plant/controller combination is forced to be decoupled and to
have the characteristics specified by the model. Therefore, this-
model-following concept includes decoupling of the system,
which implies that this design can be used for nondecoupled
control as well, depending upon the selection of the model
TFM.
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Model-Following Controller Design
Using State Variables
The successive differentiation of each output y; (¢) of Eq.
(1b) and substitution of Eq. (1a) into the resulting equation
- gives
y}"? (1) =C;Akx (1), (k=0.1,....m;—1I) (5a)
yimP (8) = C;A™ix(t) + C;A™ = Bup () (5b)
where y; (¢) stands for the jth element of y(z), y{® (¢) for the
kth time derivative of y;(#), and m; for the jth row relative
degree, in which the relative degree means the difference order
of denominator and numerator, of the plant TFM given by

Eq. (2). Similarly, the following relations can be obtained for
the model: i

y,{,}‘])(t)=CWA’1{,,xM(t), (k=0,1,....,m;—1) (6a)
Y (8) = Co g Xy (1) + Cory A~ Bpgitys (1) (6b)

When £,£;/ is strictly proper, then, |
CojAr "By =0 )

Selecting the coefficients f4 (k=1,2,...m;, j=1,2,...,p) such
that the polynomial

F(s) =5m +fismi—1 ... + 8)
is stable, Eqs. (5) and (6) can be rewritten as
PImD () +FYID @) + o+ iy (1) = (CA™
+f{3C,~A'")"’ +.. ff';n,,c,jx(t) + c,.Am;-IBuP(t) (9a)
YARIE) + fUfZ =D (8) +... +ff,',,ij(t)
= (CpyAT) +ff}ch;‘"/—1 oo+, Cag)Xag (1)
+ Cag AT Bygiagg (1) (9b)

From the above, the following error equation is obtained

®(s)e(t) =Fx (1) + Gup (1) —FpXp (1) = Gppitpe (1) (10)

where
e (1) =y (1) —yay (1), (j=12,...p) (11a)
eT (1) = le; (1),e;(2),....e,(2)] (11b)
®(s) =diag[f/ (s)], (G=12...p) (11¢)
G=[G;l, (=L2...p); G;=CA"~'B (l1d)
F=[F], (j=12..p)
F;=CiA™ +f,C;A™ = + f,,,C; (lyle)

In the above, G is the control matrix, and G,, and F,, are
defined for the model in the same way as G.and F for the
plant.

Case I:. Nonsingular Control Matrix

Define a control input such that the right-hand side of Eq.
(10) is equal to zero; that is,

up(t)=G~1[ ~Fx(t) +q(1)] (12a)
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where
@ (1) =Fyxp (1) + Gpgitps (1) (12b)

As ®(s) in Eq. (10) was chosen to be stable, the output error
tends to zero. In other words, the plant output follows the
model output.

Let us now show that the control input [Eqs. (12)] leads to
exact model matching. The output y(s) can be expressed as®

.?(S) =H(s)[G+F(sI-A)~'B] ~q(s)
=H(s)[®(s)H(s)] ~'q(s) =2~ (s)q(s) (13)
On the other hand, g(s) can be written as »

q(s) = [Fa(sT—Ay) " By + Gprlttp (8) =B (s)Hy (8) 434 (5)
’ (14)

Therefore, the overall TFM is H,,(s)—the desired model. -
This indicates that the model-following control based upon
the exact model-matching method is achieved. Figure 1 shows
the block diagram of this control system.

Case II: Singular Control Matrix

In order that up (#) can be synthesized by Egs. (12), the con-
trol matrix G must be nonsingular. This requirement is known
as the necessary and sufficient condition for system decou-
pling using state feedback as described in Ref. 1 where 4, in-
stead of m; —1, is used. The way of solving this problem is to
augment the system using a suitable unimodular matrix
U, (s) .6 In Ref. 6, it is stated that a unimodular matrix can
always be found so that Uy, (5)C,y; (sI—A)B is row proper.

Defining a stable scalar polynomial {(s) such that
U; (s)/¢(s) is a proper TFM, the minimal realization of this
TFM is found (not uniquely) to be

UL (s)/5(s) =Cc(sI—A¢) " 'Bc+Dc s

If system (1) is augmented with Eq. (15) such that
[UL(5)/¢(s)]H(s), the following new system is obtained:

Xq () =Ax4 (1) +Baup(t) (16a)
74 (1) = CyX4 (£) - (16b)
where

xh(0) = [xE(@), x7(1)] (17a)
14€R? ' (17b)
xE(0)=10....,0] (17¢)
Ay= 17d)

0 A

N

B,= (17¢)
B .

Ca=1[Cc DcC] (a7

Fig. 1 Block diagram of the controller (case I).
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It should be noted that the control matrix G, for system
(16) is now nonsingular as its TFM is row proper. Similarly,
augmenting model (3) with Eq. (15) gives

35 (1) = Agxp (1) + Byt (1) (182)
ng(#) =Cpxp(t) (18b)
where
xF () =1x5 (D), xf ()] (19a)
15€R? (19b)
x5(0) =[0,...,0] (19¢)
{ Ac BoChy }
Ag= (19d)
0 .
By= { ] (19%)
By
Cp=1Cc, DcCiyl (19

The control input can be obtained using exactly the same
procedure as was used for Egs. (12)

Uy (1) =Gz [—Fax4 (1) +q,4(1)] (202)
where F,,G, and Fg, Gy are defined for Egs. (16) and (18) in

the same way as for F,G and F,;,G),. The error equation in
this case is

2(8) [ (D) =15 (D] =[2(HUL(S)/(s)]e() =0 21

The TFM is [U (s)/¢(s)]1 '@~ 7 (s) from g, (¢) through
y(t) and ®(s) (U, (s)/¢(s) 1 Hy  (s) from uy, () to g, (£). Ex-
act model-matching is thus achieved by the input [Eqgs. (20)].
The controller structure is depicted in Fig. 2.

Using Plant Inputs and Outputs

As system (1) is observable, it can be expressed by the
following subsystems?:

P ,
% (1) = Y, Ayxp (£) +Bup(t)
j=1

: P
= Agxp () + Y5 @y, +Bip(t), (i=1,2,...p) (22)
i1 :

where

(O =[x (D Xou_y+2(Diees X (D] (232)

A=[A4y] (23b)
T 0.0
Aj=|l—— (23¢)-
Iy, .
A= 0g;x @;—n logg1 (23d)
0..0 0
Aj= |— - (23¢)
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BT = [B],B,...Bl] (239)

C=10¥; 0¢;...0y,] (23g)
T__ * ! *:

Y] _[0"'f 01 Lo ] (23h)

In Eq. (23h), the;;t;r—i—s—ka;:l-énotes a nonzero real variable, d;
(i=1,2,...,p) are observability indices, and

Jj
o;= Y, di(gy=1)
i=1

On the other hand, the output can be rewritten as

) =Cx,(2) 4)

where
XT(8) = [X01 (), X2 (15000, (1) ] €ERTXP (252)
C= Y1, ¥zeest, | ERPXP (25b)

Selecting the design parameters A\; (i=1,2,...,d;—1) such
that A;#\,; for i#j and A;>0, Egs. (20) can be written as

in () =Jzr, (1) + Ky (1) + Lup (1) (26)
where
x(8) =T;(M)z5 (8) Q7a)
X () =25, 41(2) (27b)
0 1...1 -l
J=|.] — 27
=1 vl 279
Aj=diag(=)\),  (=L2...d—1) @7d)
K; =A,C! (27¢)
Ai‘= [aiI:aiZJ...,a,‘p_] i (27f)
0..0 1.1
— i | =Ti(N) | oy T (N 279) .
Idi—l Ai
o= T,-_I()\)OL,-J- N (27h)
Li=T;y'(\)B; e
T;(N\)
|: C(A/N) | CA/N,) C(A/Ng—1) :|
= C()‘i)
0 0

@75

Fig. 2. Block diagram of the controller (case II).



640 KANAI, UCHIKADO, NIK_IFORUK, AND HORI

In the above, C(};) is a vector containing the coefficients of
the cha:acterlstlc polynomlal

H (z+N)
k=1

of a diagonal matrix A,, and C(A;/N;) is deflned in the same

way for
d. N
H (Z+N)
k=1

k=)
Now define the following state variable filteré:
() =Av; () + Py (1), v;(0) =vy (28a)
Wi (8) =A;w; (1) +PuT(t), w;(0) =wy, (28b)
where '
0(0) = [0 (10,02 (D)., 0, (D]ERW-DXP (29)
w; (1) = [wy (), w;(£),...,w;, (1)) €R@i-Dxp (29b)
Pl=[L1,...,11€RI*=D (29¢)

Using these filters, Eq. (27a) can be modified® to

x(ty=T(N)Dp(t) (30
where '
(1) = Y7, 081 es Vs Wh s W, Y TEPP7R) Bla)
D |— ‘D [ O1xp(dg-1 l ozx(P(ao'—z)‘l
=
' Lo(d,-—l)xp | ‘D l °D J
CID=[(C) (C ). (C1) 1 €RIXP
2D=1[2D,...?D,1, *D=[°D,..."D,] (31b)
[ Ky - 0 ]
2Dj= . e . O(di_l)(do_di) GR(d"_I)(do_ﬁ”

— (d;—=D(dp—1)
3Dj— . cos . o(di_l)(do_di) ER i 0

L 0 Iy 'l-‘i(di-—l)l
T(N)=block [T;(N)],

(i=12,...,p) (31c)
DT=[Dj, D],...,D]] (31d)

and K; and L, denote the matrices made by deleting the first
columns of X; and L, respectively, d, is an observability index
(i.e., max. d;), and v, and w; defined for d,, as in Eqgs. (29a)
and (29b)

The contro! inputs of Eqgs. (12) and (20) are now modified
using Eq. (30), so they can be generated without the explicit
use of plant state variables, as

up (1) = G~ [ —FT(N DR (t) + Fypepy (1) + Gpptiyg ()] (322)

xc(1)

up(t)=Gy'[-F, [
| TN Dy (1)

] +FMxM‘(t) + Garttp (1) ]
(32b)
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Decoupled CCYV Flight Control

The longitudinal dynamics of the aircraft considered are
given by the following linearized time-invariant equations

i(t) =X,u(t) + X, w(t) —gb(t)
W(t)=Z,u(t) +Z,w(t) +Uyg(t) +zafaf('t) +Z;,8.(1)
gty = (M, + M, Z,)u(t) + (M, +M;Z,)w(?)

+ (M + UpM,)q (1) + (M Zy + M, )3, (0)

+ (M} Zy, + M, )8, (1)

a, (1) =w () =Upq(1), n(t)=—a,(t)/g 6(1)=q(2) (33)

where u(t) and w(t¢) are velocity increments in the forward
and vertical directions, 6(¢) is the pitch angle, g(¢) the pitch
rate, 8, (f) and &,(¢) deflections of elevator and flaperon,
a, (1) tha normal ‘acceleration, n,(t) the load factor, and X
and Z are stability and control derlvatlves In the followmg
design; the parameters of a hypothetical Japanese T-2 CCV at
the condition of H=20,000 ft, Mach=0.8, §=21.17 m?2, and
I,=9740 kg-m? are used.

Mode o with Nonsingular Control Matrix

In this mode, a constant flight-path angle must be main-
tained. Considering the following state variables, inputs and
outputs

x()=[h(8),Uyy (2),w(£),0(8),q()17 (34a)
y()=1h(),0()17 (34b)
up(t) = [67(1),6,(2)17 (34¢)
20/
157
Wi(m/sec) 104
5
2,. 2 4 6 8  106ed
Q(deg ;sec) 4 - ‘
©(deg) 3]
2.
].
0 t
Nz 0 2 4 6 8 10
. 2 4 6 8 10
-0 -
2 4 6 10
-5 b 8
SF(deg) -10
-151
=201
, 14/
(deg) +
& ?_{ 2 4 6 8 10

Fig. 3 Simulation results for mode «;.
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can be obtained early. In terms of four constants Cp..., Cy4

rfo 1 0 0 o0 ] T0 0 ]
0 0 0820 0 60.39 47.39
1 0000
A=| 0 0 -0.882 0 2544 |, B=| _6039 —47.39 C= '
- ’ 00010 (352-)
0 0 0 0 1 0 0 o
L0 0 -0.008 0 —1.217 | | —234  —22.06
The model is given by
' 0 1 0 0 00
-9 -6 0 O 1 0 1 0 00
A, = . By,- . Cu= (36)
0 0 0 1 00 001 0

o
=)
i
)
|
o
o
—

The gontrol matrix G of the plant [Egs. (35)] is obtained as

{C,AB' 60.39  47.39
G= = .
C,AB —-2.34 —22.06

where m; =m,=2. As |G| #0 in this case, the design of case 1 can be used and the control input according to Egs. (12) is obtained

—0.163 —0.108 —0.016 —0.349 —0.185 0.018 0.039
up (1) = oL x(t) + Uy (8) 37N
i 0.017 0.012 0.001 0.445 0.263 —0.002 —0.049 ’
where f1 (s) =f (s) =s? + 65 +9. _
The control input in accordance with Eq. (32a) can be obained by replacing x(¢) in Eq. (37) with the following
(2 2100][ 1 0 0 0 0 0 0 0 - 0 o 1
‘ 31100 0 0 -0.0882 0 —224.381 0 -60.39 0 -4739 0
XD=1000 0 0 0 0 3528 0 448762 0 12078 0 9478 |u(1)
00010 0.009 1 0 0 0 0 0 0 0 0
10001 1}] 0 O 0 0 1.217 0 ~1.792 0 -21.63 0 | (38a)

where A ;and A, were selected as 1 and 2, and

-1 0 1 : -1 0 1
150(1)=l: } Vo (2) + { ]yT(t) €R?*Z  (38Db) Wo(t)={ ] wo (t) + [ , ]uT(t) ER?*?  (38¢)
0 -2 - 1 o 0 -2 i

To perform mode «; with 6(¢) =5 deg and 4 (¢) =0, the reference input was chosen as u,, (¢) = [0,0.785]and the simulation results
are shown in Fig. 3. The response obtained using Eq. (38a) is the same as that by the input Eq. (37).

Mode o, with Singular Control Matrix
This mode is concerned with the control of vertical velocity at a constant pitch. Consider the following selection of the states, in-

puts, and outputs.
x(8) = [u(0),w(0,0(1),4(017 | (39)
(@) =Iw() +0(),w(n17 (39b)

up(t) = [8;(),8,(1)17 -~ (3%)
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We now have

- —0.0084
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0.0385 -9.8 0
-0.077 —0.882 0 254.4
A= ' ‘ (40a)
0 0 0
0.0001 —0.008 0 —-1.217
[ o 0
—-60.39  —47.394
B= (40b)
0 0
| -234  -22062 |
0110
c=1|" (400) -
01 00
As the control matrix G of this system is
[ CB —-60.39 —47.39
G= = ; singular
C,B -60.39 —47.39 :

where m, = m, =1, a unimodular matrix U, (s) was chosen to
be ‘

107 v
U, (s) = (412)
- I : 1
$0 that ’
—60.39 —47.39 :
Ga=| (41b)
' 234 22.06

which is nonsingular. Note that m, is increased from 1 to 2.
The model selected is '

Vo (t) =diag[51.84/ (s? +12.965+ 51.84) Ju,, (1) (42)

The control input by Eqgs. (12) is
—3.880

—-0.001  0.175 3.866
up (1) = . x(1)
0 -0.018 4,944 0.441
96.88 13.22 -96.88 —14.16 |
+ Xpr (8)
—-123.45 —17.95 123.45 18.05 ’
2.01 -2.01 )
+ Uy (1)
—-2.56 2.56 43)
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0 k—+—+ bt -
2 4 6 8
W(m ssec) 4 ' 10
-84
-12
qQ(deg/sec) O + - —t
2 4 6 8 10
: 1
Nz 0 e .
3 2 4 6 8 10
2
T(deg) i
0 + .
‘ 2 4 6 8 10
15
§-(deq) IQ
Jedeg) o\,/zi 46 8 10
-1 -
-2

Fig. 4 Simulation results for mode «;.

where \; was chosen to be 2 and

U (1) = —2v, () +¥T (2) €R™X? (44b)

Wy (1) = —2w, (1) +uT (t) eRI*2 (44¢)
The computafiona_l results are given in Fig. 4 for the reference
input u,,(¢) =[10,10]17. Both control inputs, i.e., Eq. (43)
and the one using Eq. (44a), give the same responses.

Conclusions

A new model-following controller composed of state feed-
back and input dynamics compensators was described and ap-
plied to a decoupled flight control. This design is applicable to
systems which have singular control matrices. Simulation
studies showed that the design is effective. Although the

decoupled control of a control-configured-vehicle-type air-

craft is mainly studied in this paper, the proposed scheme can
be used as well for nondecoupled control; this depends upon
the selection of the model. The proposed methods can be ap-
plied to the other modes, including lateral motions, in exactly
the same manner.

where f7 (s) =s+ 10 and S (s)=5%+20s+ 100. Replacing x(¢) in the above equation with Eq. (30) gives the input by Eq.(32b). In

this case,

2100 1 0
1 000 0 0

x(t)= ‘ _ X
021 0 1
0010 0 0

0

—-2.35

0.
0.01

0 0 0
—-3.10 —497.40 —555.46
p(2) (44a)
0 0
0.01 2.42 22.12
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